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Abstract

This paper presents the first-known investigation on exact vibration of circular Mindlin plates with
multiple step-wise thickness variations. A stepped circular plate is divided into multiple annular and one
circular segments along the locations of the step variations. The governing differential equations for
harmonic vibration of annual and circular segments are derived and an analytical method based on the
domain decomposition technique is developed to solve the plate vibration problem. Exact vibration
solutions are presented for circular Mindlin plates of different edge support conditions and various
combinations of step-wise thickness variations. The influence of plate boundary conditions, plate thickness
ratios, step location ratios and step thickness ratios on the vibration behaviour of stepped circular Mindlin
plates are examined. The exact vibration results can serve as benchmark values for researchers to validate
their numerical methods for such circular plate problems.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Circular plates with non-uniform thickness variations have wide practical applications in civil,
mechanical and aerospace engineering due to the potential savings on material usage and/or
weight reduction of the plates. Extensive studies have been carried out for the vibration of circular
plates in various forms of thickness variations. Many of the studies have been well documented in
the excellent reviews of Leissa [1–7] and other publications [8–10].
The vibration of circular and annular plates with non-linear thickness variations has been

studied by Lee and Ng [11], Wang [12], Chen and Ren [13], Singh and Hassan [14], Gupta and
Sharma [15], Ye [16], Wu and Liu [17], and Gajewski [18]. More studies have been carried out on
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the vibration of circular and annular plates with tapered (linear) thickness variations
[8–10,12,17,19–23]. Vibration of circular plates with step-wise thickness variations is another
important area that has been studied by many researchers [24–28]. Different plate theories have
been applied in studying the vibration of circular and annular plates with variable thickness,
ranging from the classical thin plate theory [12,17], to the shear deformable plate theory [19] to
3-D elasticity theory [8]. The Rayleigh–Ritz method is one of the most popular methods that have
been used to study the vibration of circular plates with thickness variations [8–10]. Other methods
that are used in this area include the finite element method [13], analytical method [12] and
differential quadrature method [17], etc.
To the authors’ best knowledge, there are no exact solutions available in open literature for

vibration of circular Mindlin plates with stepped thickness variations. The primary objective of
this paper is to present exact vibration frequencies for stepped circular Mindlin plates. An
analytical method proposed by the first author [29] for vibration of circular Mindlin plates with
ring supports is modified to study the vibration behaviour of stepped circular Mindlin plates.
Comparison studies are carried out to verify the correctness of the proposed method. Extensive
exact vibration frequencies and modal shapes are presented for circular Mindlin plates with
different edge support conditions and various combinations of step configurations. The influence
of the plate thickness ratios, step thickness ratios and step locations on the vibration behaviour of
circular Mindlin plates is highlighted in the paper.

2. Mathematical modelling

Consider an isotropic, elastic circular plate of radius R as shown in Fig. 1. The plate consists of
m steps with radii r1ð¼ RÞ; r2;y; rm; and step thicknesses h1; h2;y; hm; respectively. The plate is of
Young’s modulus E; shear modulus G ¼ E=½2ð1þ nÞ�; mass density r and n is the Poisson ratio.
The plate may have free, simply supported or clamped edge support conditions. The problem at
hand is to determine the natural frequencies of the stepped circular plate. The Mindlin first order
shear deformable plate theory [30] is employed to study this problem.
The vibration of circular Mindlin plates with concentric ring supports has been studied by the

first author [29] recently and the analytical approach in Ref. [29] is extended in this paper to study
the vibration of circular Mindlin plates with multiple step variations. The circular plate is first
divided into several annular segments and one circular segment along the locations of the step
variations. Using the polar co-ordinate system shown in Fig. 1, the equations of motion for the ith
segment may be expressed as [31,32]:
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in which wi; ci
r and ci

y are the transverse deflection and the rotations in the y and r directions at
the midsurface of the plate, respectively, r and y are the radial and circumferential co-ordinates,
Di ¼ Eh3i =½12ð1� n2Þ� is the flexural rigidity of the plate, k2 is the shear correction factor required
in the Mindlin plate theory, and o is the circular frequency.
The displacement fields of the ith segment may be expressed as functions of three potentials Yi

1;
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Fig. 1. Geometry and co-ordinate system for a stepped circular plate.
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%wi is the non-dimensionalized deflection of the plate, w is the non-dimensionalized radial co-
ordinate, and li is the frequency parameter corresponding to the ith segment.
Based on the three potentials, the governing differential equations in Eqs. (1)–(3) may be

transformed as

½r2 þ ðd21Þi�Y
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1 ¼ 0; ð11Þ
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where the Laplacian operator in polar co-ordinates is given by
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The solutions to Eqs. (11)–(13) for the ith segment can be derived as [31,32]

Yi
1 ¼ Ai

1RnðDi
1wÞ cos nyþ Bi

1SnðDi
1wÞ cos ny; ð15Þ

Yi
2 ¼ Ai

2RnðDi
2wÞ cos nyþ Bi

2SnðDi
2wÞ cos ny; ð16Þ

Yi
3 ¼ Ai

3RnðDi
3wÞ sin nyþ Bi

3SnðDi
3wÞ sin ny; ð17Þ

where n ¼ ð1; 2;y;NÞ is the number of nodal diameters of a vibration mode, Ai
j and Bi

j; j ¼ 1; 2
and 3, are the arbitrary constants that will be determined by the boundary conditions and
interface continuity conditions between segments, and

Di
j ¼

ðdjÞi if ðd2j ÞiX0;

ImðdjÞi if ðd2j Þio0;

(
j ¼ 1; 2; 3; ð18Þ

RnðDi
jwÞ ¼

JnðDi
jwÞ if ðd2j ÞiX0;

InðDi
jwÞ if ðd2j Þio0;

(
j ¼ 1; 2; 3; ð19Þ
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SnðDi
jwÞ ¼

YnðDi
jwÞ if ðd2j ÞiX0;

KnðDi
jwÞ if ðd2j Þio0;

(
j ¼ 1; 2; 3; ð20Þ

in which Jnð	Þ and Ynð	Þ are Bessel functions of the first kind and the second kind of order n;
respectively, and Inð	Þ and Knð	Þ are the modified Bessel functions of the first kind and the second
kind of order n; respectively. Note that for the circular segment ði ¼ mÞ; the arbitrary constants Bi

j

must be set to zero to prevent singularity for the displacement fields wi; ci
r and ci

y at the plate
centre ðw ¼ r=R ¼ 0Þ:
The boundary conditions of a circular Mindlin plate can be expressed as

Mi
rr ¼ Mi

ry ¼ Qi
r ¼ 0; for free edge; ð21Þ

Mi
rr ¼ ci

0 ¼ %w
i ¼ 0; for simply supported edge; ð22Þ

ci
r ¼ ci

y ¼ %w
i ¼ 0; for clamped edge; ð23Þ

where the stress resultants for shear force and bending moments Qi
r; Mi

rr andMi
ry are given by [33]
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To satisfy the thickness variation and ensure the continuity along the interface of the ith and
ði þ 1Þth segments, the essential and natural interface conditions between the two segments must
hold as follows:

%wi ¼ %wiþ1; ð27Þ

ci
r ¼ ciþ1

r ; ð28Þ

ci
y ¼ ciþ1

y ; ð29Þ

Qi
r ¼ Qiþ1

r ; ð30Þ

Mi
rr ¼ Miþ1

rr ; ð31Þ

Mi
ry ¼ Miþ1

ry : ð32Þ

The displacement fields and stress resultants of the ith segment can be expressed in terms of the
arbitrary constants Ai

j and Bi
j; j ¼ 1; 2 and 3, as detailed in Ref. [29]. In view of Eqs. (4)–(6) and

(15)–(17) and implementing the boundary conditions of the plate along the circumferential edge
and interface conditions between segments, a homogeneous system of equations for the stepped
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circular Mindlin plate can be derived as

K½A1 B1?Ai Bi?Am�1 Bm�1 Am�T ¼ f0g; ð33Þ

in which

Ai ¼ ½Ai
1 Ai

2 Ai
2�; ð34Þ

Bi ¼ ½Bi
1 Bi

2 Bi
2�; ð35Þ

m is the number of segments of the circular plate, and K is a ð6m � 3Þ � ð6m � 3Þ matrix. The
angular frequency o of the plate is evaluated by setting the determinant of K in Eq. (33) to be
zero.
Matlab is employed in this study to compute the eigenvalues and eigenvectors as governed by

Eq. (33). An eigenvalue o is determined when the determinant of matrix K in Eq. (33) is equal to
0. In the search for the eigenvalue, an iterative process is developed. Firstly, we set an initial value
for o and small increments of o are subsequently added to the initial value. The determinants of K
are evaluated accordingly. Once the sign of the determinant K changes, an eigenvalue of o exists
in between the two previous increments of o: The bisection method is then utilized to find the
eigenvalue. In the bisection search, the calculation stops when a given tolerance between the two
successive values of o is reached. In this study, the tolerance is set to be jðoi � oi�1Þ=oijp
1=10 000 000 000:

3. Results and discussions

The proposed analytical method may be used to obtain exact vibration frequencies for circular
Mindlin plates of arbitrary number of step variations. In this section, the analytical method is

ARTICLE IN PRESS

Table 1

Comparison study of frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with one step variation

ðh1=R ¼ 0:005; r2=R ¼ 0:5Þ

Boundary conditions h2=h1 Sources Mode sequence

1 2 3 4 5

Simply supported 1 Avalos et al. [25] 4.93515 29.7200 74.1561 138.318 222.215

1 Present 4.93504 29.7160 74.1308 138.230 221.988

1.5 Avalos et al. [25] 5.82394 35.0578 89.6624 169.730 269.625

1.5 Present 5.75819 35.0577 88.0734 169.103 264.323

2 Avalos et al. [25] 6.25945 41.4173 99.4271 200.067 306.328

2 Present 6.03078 41.3104 95.1796 194.462 297.972

Clamped 1 Avalos et al. [25] 10.2158 39.7711 89.1042 158.184 247.006

1 Present 10.2151 39.7617 89.0601 158.051 246.090

1.5 Avalos et al. [25] 11.1450 46.5721 109.520 191.761 302.675

1.5 Present 11.0856 46.3787 107.695 191.126 295.822

2 Avalos et al. [25] 11.8799 53.7887 122.863 226.337 342.540

2 Present 11.5842 53.6290 116.659 222.965 327.017
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Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with one step variation ðh1=R ¼ 0:005; r2=R ¼ 0:5Þ

Boundary

conditions

h2=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 0.5 4.41721(2,1) 6.80950(0,1) 11.5610(3,1) 15.2987(1,1) 21.1649(4,1) 25.1370(0,2) 28.8731(2,2) 33.0297(5,1) 43.1093(1,2) 45.4902(3,2)

1.5 7.05244(2,1) 11.6881(0,1) 13.9314(3,1) 22.8594(4,1) 23.3520(1,1) 34.1194(5,1) 38.9967(2,2) 44.7776(0,2) 47.7163(6,1) 59.0696(3,2)

2 8.94458(2,1) 13.4603(0,1) 15.4172(3,1) 23.8068(4,1) 24.0510(1,1) 34.6875(5,1) 42.2000(2,2) 48.0455(6,1) 51.7387(0,2) 63.7836(7,1)

Simply

supported

0.5 4.03407(0,1) 11.1005(1,1) 21.4086(0,2) 21.9320(2,1) 35.4884(3,1) 37.0915(1,2) 52.1210(4,1) 53.2231(0,3) 54.4418(2,2) 69.6081(1,3)

1.5 5.75819(0,1) 14.9431(1,1) 28.4443(2,1) 35.0577(0,2) 44.7828(3,1) 58.7990(1,2) 62.3004(4,1) 81.1281(5,1) 81.4831(2,2) 88.0734(0,3)

2 6.03078(0,1) 14.9276(1,1) 31.8110(2,1) 41.3105(0,2) 50.5671(3,1) 65.7792(1,2) 67.9513(4,1) 85.6166(5,1) 86.6408(2,2) 95.1796(0,3)

Clamped 0.5 10.1734(0,1) 17.6859(1,1) 26.7448(0,2) 29.2213(2,1) 43.7493(1,2) 43.9983(3,1) 62.0158(4,1) 63.2399(2,2) 65.7056(0,3) 83.3649(5,1)

1.5 11.0856(0,1) 23.2698(1,1) 38.5196(2,1) 46.3787(0,2) 57.2980(3,1) 74.0188(1,2) 77.4404(4,1) 98.3399(5,1) 100.533(2,2) 107.695(0,3)

2 11.5842(0,1) 23.4381(1,1) 41.9606(2,1) 53.6290(0,2) 64.7335(3,1) 85.2313(1,2) 85.8569(4,1) 105.540(5,1) 108.821(2,2) 116.659(0,3)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value

Table 3

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with one step variation (h1=R ¼ 0:10; r2=R ¼ 0:5)

Boundary

conditions

h2=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 0.5 4.32805(2,1) 6.73006(0,1) 11.2017(3,1) 14.6336(1,1) 20.1792(4,1) 24.3612(0,2) 27.0789(2,2) 30.8834(5,1) 40.9033(1,2) 41.8569(3,2)

1.5 6.88138(2,1) 11.4342(0,1) 13.3881(3,1) 21.6542(4,1) 22.2602(1,1) 31.7725(5,1) 36.1061(2,2) 41.0624(0,2) 43.5479(6,1) 52.7997(3,2)

2 8.56567(2,1) 13.0908(0,1) 14.5691(3,1) 22.3198(4,1) 22.7786(1,1) 32.1222(5,1) 38.4314(2,2) 43.7244(6,1) 46.0270(0,2) 56.8297(7,1)

Simply

supported

0.5 4.01011(0,1) 10.7583(1,1) 20.8502(0,2) 21.0157(2,1) 33.4553(3,1) 35.3408(1,2) 47.9946(4,1) 49.7370(0,3) 50.3917(2,2) 63.8692(1,3)

1.5 5.68854(0,1) 14.4923(1,1) 26.9433(2,1) 32.6687(0,2) 41.1944(3,1) 52.2897(1,2) 55.8052(4,1) 70.1948(5,1) 70.9304(2,2) 75.1929(0,3)

2 5.94088(0,1) 14.3961(1,1) 29.5769(2,1) 37.4877(0,2) 45.1643(3,1) 56.8833(1,2) 59.2701(4,1) 73.0426(5,1) 73.4061(2,2) 78.9800(0,3)

Clamped 0.5 9.97265(0,1) 16.9103(1,1) 25.6426(0,2) 27.2909(2,1) 40.1942(3,1) 40.9660(1,2) 55.1754(4,1) 57.3216(2,2) 59.2026(0,3) 71.8933(5,1)

1.5 10.6655(0,1) 21.7095(1,1) 35.0502(2,1) 41.5770(0,2) 50.3801(3,1) 62.7243(1,2) 65.7979(4,1) 81.1364(5,1) 81.5327(2,2) 86.5788(0,3)

2 11.0254(0,1) 21.6130(1,1) 37.5335(2,1) 46.7177(0,2) 55.0429(3,1) 69.1943(1,2) 70.3428(4,1) 84.5375(5,1) 85.5328(2,2) 90.7940(0,3)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value
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Table 4

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with one step variation ðh1=R ¼ 0:20; r2=R ¼ 0:5Þ

Boundary

conditions

h2=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 0.5 4.17076(2,1) 6.51030(0,1) 10.4953(3,1) 13.4736(1,1) 18.2660(4,1) 22.4421(0,2) 23.9487(2,2) 26.9505(5,1) 35.5816(3,2) 36.0800(1,2)

1.5 6.58176(2,1) 10.7803(0,1) 12.4220(3,1) 19.4733(4,1) 19.9406(1,1) 27.6262(5,1) 30.7099(2,2) 34.2397(0,2) 36.5790(6,1) 42.6805(3,2)

2 7.99304(2,1) 12.1688(0,1) 13.2827(3,1) 19.8984(4,1) 20.1667(1,1) 27.8244(5,1) 31.9374(2,2) 36.6692(6,1) 36.8436(0,2) 44.9157(3,2)

Simply

supported

0.5 3.94131(0,1) 10.1483(1,1) 19.1427(2,1) 19.4310(0,2) 29.2817(3,1) 31.4957(1,2) 40.2368(4,1) 42.7464(0,3) 43.0378(2,2) 51.7083(5,1)

1.5 5.49567(0,1) 13.4062(1,1) 23.7328(2,1) 27.9355(0,2) 34.5948(3,1) 41.6326(1,2) 45.1069(4,1) 53.6708(2,2) 55.5166(5,1) 56.8614(0,3)

2 5.69548(0,1) 13.1470(1,1) 25.3802(2,1) 30.7653(0,2) 36.8072(3,1) 43.6093(1,2) 46.8562(4,1) 54.3418(2,2) 56.6689(5,1) 58.0142(0,3)

Clamped 0.5 9.43854(0,1) 15.3759(1,1) 23.0564(0,2) 23.7311(2,1) 33.4375(3,1) 35.0708(1,2) 43.9764(4,1) 46.6404(2,2) 47.4725(0,3) 55.0560(5,1)

1.5 9.65263(0,1) 18.5003(1,1) 28.7187(2,1) 33.3374(0,2) 39.4904(3,1) 46.8654(1,2) 49.6923(4,1) 58.3464(2,2) 59.5845(5,1) 61.3655(0,3)

2 9.74498(0,1) 17.9919(1,1) 30.0974(2,1) 36.1946(0,2) 41.8725(3,1) 49.4751(1,2) 51.7344(4,1) 59.3872(2,2) 60.9587(5,1) 62.5477(0,3)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value
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applied to study the vibration behaviour of several selected stepped circular Mindlin plates. The
Poisson ratio n ¼ 0:3 and the shear correction factor k2 ¼ 5

6 are used in all calculations. The
circular frequency o is expressed in terms of a non-dimensional frequency parameter l ¼
oR2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
; where h1 is the thickness of the first step and D1 ¼ Eh31=½12ð1� n2Þ�:

3.1. Verification of solution method

Table 1 shows the frequency parameters l obtained by the present solution approach and the
Rayleigh–Ritz method [25] for circular plates with one step variation. The plate thickness ratio
h1=R is set to be 0.005 in order to compare the present results based on the Mindlin plate theory
with the results from Avalos et al. [25] based on the thin plate theory. Note that the results from
Avalos et al. [25] are for axisymmetric cases ðn ¼ 0Þ: The number of terms of the polynomial
employed in Ref. [25] is 10. It is observed that the first two frequency parameters l from the
present study are in good agreement with the ones from Avalos et al. [25]. Table 1 also shows that
the frequency parameters l for higher modes from Avalos et al. [25] are not quite yet converged to
the present exact solutions. This comparison study confirms the correctness of the proposed
analytical method.

3.2. Circular plates with one step variation

Tables 2–4 show the exact frequency parameters of the first 10 modes for free, simply supported
and clamped circular Mindlin plates with one step variation. The location of the step variation is
at r2=R ¼ 0:5 and the plate thickness ratio h1=R is set to be 0.005, 0.1 and 0.2. Three step thickness
ratios are considered, i.e., h2=h1 ¼ 0:5; 1.5 and 2, respectively. As expected, frequency parameters
l increase as the step thickness ratio h2=h1 increases. The fundamental vibration mode for all
simply supported and clamped plates in Tables 2–4 is axisymmetric ðn ¼ 0Þ: The fundamental
mode for all free plates, however, is not axisymmetric, where two nodal diameters ðn ¼ 2Þ exist in
the fundamental vibration mode. The frequency parameters l decrease as the plate thickness ratio
h1=R increases due to the effect of transverse shear deformation and rotary inertia.
The exact vibration solutions in Tables 2–4 are highly valuable as benchmark values to check

the validity and accuracy of approximate numerical methods for the vibration of stepped circular
plates. However, these results are not sufficient to show the effect of the step location ratio r2=R;
step thickness ratio h2=h1 and plate thickness ratio h1=R on the vibration behaviour of stepped
circular Mindlin plates. Figs. 2–6 are depicted to show the relationship between the frequency
parameters l and the step location ratio r2=R; step thickness ratio h2=h1 and plate thickness ratio
h1=R for circular Mindlin plates with one step variation.
Figs. 2–4 present the variation of the first four frequency parameters l versus the step location

ratio r2=R for free, simply supported and clamped circular Mindlin plates with one step variation.
The step thickness ratio is fixed to be h2=h1 ¼ 2:0 and the plate thickness ratio h1=R varies from
0.005 to 1.0 to 2.0, respectively. The curves in Figs. 2–4 start from r2=R ¼ 0:01 and end at
r2=R ¼ 0:99 and there are 99 sample points on each curve. Fig. 2 shows that the frequency
parameters for free circular plates increase first and then decrease as the step location ratio r2=R
varies from 0.01 to 0.99. The optimal step thickness ratio for maximizing the frequency
parameters of free circular plates is in the range of r2=R ¼ 0:8–0.9. The variation of the frequency
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Fig. 3. Frequency parameters l ¼ oR2ðrh1=D1Þ
1=2 versus step location ratio r2=R for simply supported circular

Mindlin plates having one step variation, step thickness ratio h2=h1 ¼ 2:0 and plate thickness ratios h1=R ¼ (a) 0.005,

(b) 0.10 and (c) 0.20. &; First mode; }; second mode; W; third mode; and J; fourth mode.

0

5

10

15

20

25

30

35

40

45

0 0.2 0.4 0.6 0.8 1

0

5

10

15

20

25

30

35

40

45

0 0.2 0.4 0.6 0.8 1

0

5

10

15

20

25

30

35

40

45

0 0.2 0.4 0.6 0.8 1

Fr
eq

ue
nc

y 
Pa

ra
m

et
er

 �
 =

 ω
R

2 (�
h 1

/D
1)

1/
2 

Step Location Ratio r2/R Step Location Ratio r2/R Step Location Ratio r2/R(a) (b) (c)

Fig. 2. Frequency parameters l ¼ oR2ðrh1=D1Þ
1=2 versus step location ratio r2=R for free circular Mindlin plates

having one step variation, step thickness ratio h2=h1 ¼ 2:0 and plate thickness ratios h1=R ¼ ðaÞ 0:005; ðbÞ 0:10 and
(c) 0.20. &; First mode; }; second mode; W; third mode; and J; fourth mode.
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Fig. 4. Frequency parameters l ¼ oR2ðrh1=D1Þ
1=2 versus step location ratio r2=R for clamped circular Mindlin plates

having one step variation, step thickness ratio h2=h1 ¼ 2:0 and plate thickness ratios h1=R ¼ (a) 0.005, (b) 0.10 and

(c) 0.20. &; First mode; }; second mode; W; third mode; and J; fourth mode.
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Fig. 5. Frequency parameters l ¼ oR2ðrh1=D1Þ
1=2 versus step thickness ratio h2=h1 for circular Mindlin plates (a) free,

(b) simply supported, (c) clamped, having one step variation, step location ratio r2=R ¼ 0:5 and plate thickness ratios
h1=R ¼ 0:10: &; First mode; }; second mode; W; third mode; and J; fourth mode.
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parameters with respect to the step location ratio r2=R is more pronounced for free circular plates
with smaller plate thickness ratio h1=R: Figs. 3 and 4 show that the frequency parameters for
simply supported and clamped circular plates increase monotonically as the step location ratio
r2=R changes from 0.01 to 0.99. Mode shape switching occurs for the simply supported and
clamped circular Mindlin plates when the step location ratio r2=R varies from 0.01 to 0.99 (see
Figs. 3 and 4).
Fig. 5 shows the relationship between the first four frequency parameters l and the step

thickness ratio h2=h1 for free, simply supported and clamped circular Mindlin plates with one step
variation. The step location ratio is fixed at r2=R ¼ 0:5 and the plate thickness ratio h1=R is set to
be 0.1, respectively. The curves in Fig. 5 start with the step thickness ratio h2=h1 ¼ 0:5 and end
with h2=h1 ¼ 2:5 and there are 41 sample points on each curve. The frequency parameters l for all
cases in Fig. 5 increase monotonically as the step thickness ratio h2=h1 increases except for the
second mode for the simply supported and the clamped plates and the first mode for the clamped
plate. The frequency parameters l of the second mode for the simply supported and the clamped
plates increase initially as the step thickness ratio h2=h1 varies from 0.5 to 1.5 and then decrease
when the step thickness ratio h2=h1 increases from 1.5 to 2.5. The frequency parameters l of the
first mode for the clamped plate decrease slightly and then increase as the step thickness ratio
h2=h1 changes from 0.5 to 2.5. Mode shape switching is observed in the fourth mode for the free
circular plate and in the third and fourth modes for the clamped plate as the step thickness ratio
h2=h1 varies.
Fig. 6 presents the variation of the first four frequency parameters l against the plate thickness

ratio h1=R for free, simply supported and clamped circular Mindlin plates with one step variation.
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Fig. 6. Frequency parameters l ¼ oR2ðrh1=D1Þ
1=2 versus plate thickness ratio h1=R for circular Mindlin plates (a) free,

(b) simply supported, (c) clamped, having one step variation, step location ratio r2=R ¼ 0:5 and step thickness ratios
h2=h1 ¼ 2: &; First mode; }; second mode; W; third mode; and J; fourth mode.
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The step location ratio is fixed at r2=R ¼ 0:5 and the step thickness ratio h2=h1 is set to be 2,
respectively. The curves in Fig. 6 start with the plate thickness ratio h1=R ¼ 0:005 and end with
h1=R ¼ 0:2 and there are 40 sample points on each curve. As expected, the frequency parameters l
decrease as the plate thickness ratio h1=R increases. It is caused by the inclusion of the effect of
transverse shear deformation and rotary inertia in the analysis. The decrease in rate of the
frequency parameters l is more pronounced if the plate is with a high edge constraint (in the order
from free to simply supported to clamped) or the plate vibrates in higher modes.
Figs. 7–9 show the modal shapes of the displacement fields %w; cr and cy for free, simply

supported and clamped circular Mindlin plates with one step variation. The step location ratio,
the step thickness ratio and the plate thickness ratio are set to be r2=R ¼ 0:5; h2=h1 ¼ 2 and
h1=R ¼ 0:1; respectively. The curves in Figs. 7–9 vary along the radial co-ordinate wð¼ r=RÞ and
there are 50 sample points on each curve. The modal shapes are normalized by multiplying the
factor j1= %wmaxj: Although the step variation exists in the plates, the modal shapes for the
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Fig. 7. Normalized modal shapes of displacement fields for free circular Mindlin plates with one step variation, plate

thickness ratio h1=R ¼ 0:1; step location ratio r2=R ¼ 0:5 and step thickness ratios h2=h1 ¼ 2: &; Transverse
displacement %w; }; rotation cr; and W; rotation cy: (a) First mode ðn; sÞ ¼ ð2; 1Þ; (b) second mode ðn; sÞ ¼ ð0; 1Þ;
(c) third mode ðn; sÞ ¼ ð3; 1Þ; (d) fourth mode ðn; sÞ ¼ ð0; 2Þ:
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transverse displacement %w for all cases are smooth at the location of step variation ðr2=R ¼ 0:5Þ:
However, slope discontinuity at the location of step variation is observed for the modal shapes of
rotations cr and cy for all cases in Figs. 7–9 except for the cases with n ¼ 0 (axisymmetric modes)
where cy ¼ 0:
The influence of the step thickness ratio on the slope discontinuity of rotation cr is further

illustrated in Fig. 10 for a stepped simply supported circular Mindlin plate. The location of the
step variation is at r2=R ¼ 0:5; the first step thickness to radius ratio is set to be h1=R ¼ 0:005; and
the step thickness ratios are fixed at h2=h1 ¼ 1; 1:5; 2 and 5, respectively. The modal shapes of
rotation cr are normalized so that the maximum positive value for each curve in Fig. 10 is equal to
1. There are 100 sample points on each curve in Fig. 10. It is observed that the level of the slope
discontinuity in rotation cr increases as the step thickness ratio h2=h1 becomes large. The slope
discontinuity in the rotations is caused by the terms in Eqs. (4)–(10) through the terms ti and li in
Eq. (10) which are related to the step thickness.
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Fig. 8. Normalized modal shapes of displacement fields for simply supported circular Mindlin plates with one step

variation, plate thickness ratio h1=R ¼ 0:1; step location ratio r2=R ¼ 0:5 and step thickness ratios h2=h1 ¼ 2: &;
Transverse displacement %w; }; rotation cr; andW rotation cy: (a) First mode ðn; sÞ ¼ ð0; 1Þ; (b) second mode ðn; sÞ ¼
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3.3. Circular plates with two step variations

Tables 5–8 present the exact frequency parameters l of the first 10 modes for free, simply
supported and clamped circular Mindlin plates with two step variations. The plate thickness ratio
h1=R is set to be 0.005 and 0.10 and the step location ratios are fixed at (1) r2=R ¼ 0:5 and
r3=R ¼ 0:1; and (2) r2=R ¼ 2=3 and r3=R ¼ 1=3; respectively. Three sets of step thickness ratios
are considered, i.e., (1) h2=h1 ¼ 1:5 and h3=h1 ¼ 2:0; (2) h2=h1 ¼ 2:0 and h3=h1 ¼ 3:0; and (3)
h2=h1 ¼ 2=3 and h3=h1 ¼ 1=3: As for the plates with one step variation, the fundamental vibration
mode for all simply supported and clamped plates in Tables 5–8 is axisymmetric ðn ¼ 0Þ: The
fundamental mode for all free plates is not axisymmetric, where two nodal diameters ðn ¼ 2Þ exist
in the fundamental vibration mode. The frequency parameters l decrease as the plate thickness
ratio h1=R increases due to the effect of transverse shear deformation and rotary inertia. On the
other hand, the frequency parameters increase as the step thickness ratios h2=h1 and h3=h1
increase.
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Fig. 9. Normalized modal shapes of displacement fields for clamped circular Mindlin plates with one step variation,

plate thickness ratio h1=R ¼ 0:1; step location ratio r2=R ¼ 0:5 and step thickness ratios h2=h1 ¼ 2: &; Transverse
displacement %w;}; rotation ci andW; rotation cy: (a) First mode ðn; sÞ ¼ ð0; 1Þ; (b) second mode ðn; sÞ ¼ ð1; 1Þ; (c) third
mode ðn; sÞ ¼ ð2; 1Þ; (d) fourth mode ðn; sÞ ¼ ð0; 2Þ:

Y. Xiang, L. Zhang / Journal of Sound and Vibration 280 (2005) 633–655 647



Fig. 11 shows the variation of the first four frequency parameters l versus the step thickness
ratio h2=h1 for free, simply supported and clamped circular Mindlin plates with two step
variations. The step location ratios are set to be r2=R ¼ 2=3 and r3=R ¼ 1=3; the plate thickness
ratio is assumed to be h1=R ¼ 0:1 and the step thickness ratio h3=h1 is fixed at 1, respectively. The
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variation, plate thickness ratio h1=R ¼ 0:005; step location ratio r2=R ¼ 0:5: &; h2=h1 ¼ 1; }; h2=h1 ¼ 1:5; W; h2=h1 ¼
2; and J; h2=h1 ¼ 5: (a) Mode (0,1), (b) mode (1,1).
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Fig. 11. Frequency parameters l ¼ oR2ðrh1=D1Þ
1=2 versus step thickness ratio h2=h1 for circular Mindlin plates

(a) free, (b) simply supported, (c) clamped, having two step variations, step location ratios r3=R ¼ 1=3 and r2=R ¼ 2=3;
step thickness ratios h3=h1 ¼ 1; and plate thickness ratio h1=R ¼ 0:1: &; First mode; }; second mode;W; third mode;
and J; fourth mode.
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Table 5

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with two step variations ðh1=R ¼ 0:005; r2=R ¼ 0:5; r3=R ¼ 0:1Þ

Boundary

conditions

h2=h1 h3=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 1.5 2.0 7.14706(2,1) 11.7618(0,1) 13.9348(3,1) 22.8595(4,1) 23.3539(1,1) 34.1194(5,1) 39.3782(2,2) 45.2273(0,2) 47.7163(6,1) 59.1107(3,2)

2.0 3.0 9.11999(2,1) 13.5173(0,1) 15.4225(3,1) 23.8070(4,1) 24.0499(1,1) 34.6875(5,1) 43.0019(2,2) 48.0455(6,1) 52.4685(0,2) 63.7836(7,1)

2/3 1/3 4.60648(2,1) 7.18332(0,1) 11.7586(3,1) 16.9077(1,1) 21.3197(4,1) 30.4896(0,2) 30.8551(2,2) 33.1350(5,1) 47.1262(6,1) 48.0888(3,2)

Simply

supported

1.5 2.0 5.76982(0,1) 14.9432(1,1) 28.7439(2,1) 35.3983(0,2) 44.8075(3,1) 58.8269(1,2) 62.3016(4,1) 81.1282(5,1) 82.2146(2,2) 88.9525(0,3)

2.0 3.0 6.02102(0,1) 14.9262(1,1) 32.4692(2,1) 41.8186(0,2) 50.6094(3,1) 65.7940(1,2) 67.9528(4,1) 85.6166(5,1) 87.7002(2,2) 96.3464(0,3)

2/3 1/3 4.19133(0,1) 12.0765(1,1) 23.0997(2,1) 24.8516(0,2) 36.9645(3,1) 41.2427(1,2) 53.6381(4,1) 58.3687(0,3) 59.2281(2,2) 73.2291(5,1)

Clamped 1.5 2.0 11.1067(0,1) 23.2708(1,1) 38.9317(2,1) 46.8656(0,2) 57.3393(3,1) 74.0728(1,2) 77.4426(4,1) 98.3400(5,1) 101.464(2,2) 108.813(0,3)

2.0 3.0 11.5708(0,1) 23.4358(1,1) 42.8272(2,1) 54.4135(0,2) 64.8062(3,1) 85.2691(1,2) 85.8598(4,1) 105.540(5,1) 109.998(2,2) 117.893(0,3)

2/3 1/3 9.95141(0,1) 18.6792(1,1) 30.9058(2,1) 31.7770(0,2) 46.3795(3,1) 50.7446(1,2) 64.6016(4,1) 70.8071(2,2) 71.8506(0,3) 85.8306(5,1)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value

Table 6

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with two step variations (h1=R ¼ 0:10; r2=R ¼ 0:5; r3=R ¼ 0:1)

Boundary

conditions

h2=h1 h3=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 1.5 2.0 6.95711(2,1) 11.5033(0,1) 13.3905(3,1) 21.6542(4,1) 22.2578(1,1) 31.7725(5,1) 36.3708(2,2) 41.3770(0,2) 43.5479(6,1) 52.8238(3,2)

2.0 3.0 8.69013(2,1) 13.1419(0,1) 14.5725(3,1) 22.3199(4,1) 22.7601(1,1) 32.1222(5,1) 38.9044(2,2) 43.7244(6,1) 46.4879(0,2) 56.8297(7,1)

2/3 1/3 4.52221(2,1) 7.09854(0,1) 11.4022(3,1) 16.3069(1,1) 20.3326(4,1) 29.1154(2,2) 29.2482(0,2) 30.9851(5,1) 43.1106(6,1) 44.2926(3,2)

Simply

supported

1.5 2.0 5.69927(0,1) 14.4894(1,1) 27.1614(2,1) 32.9289(0,2) 41.2097(3,1) 52.2968(1,2) 55.8058(4,1) 70.6314(2,2) 70.9304(5,1) 75.6162(0,3)

2.0 3.0 5.93031(0,1) 14.3822(1,1) 29.9862(2,1) 37.8418(0,2) 45.1869(3,1) 56.8484(1,2) 59.2709(4,1) 73.4061(5,1) 73.5785(2,2) 79.4321(0,3)

2/3 1/3 4.16532(0,1) 11.7902(1,1) 22.2052(2,1) 24.0043(0,2) 34.8276(3,1) 38.7684(1,2) 49.2816(4,1) 54.0713(0,3) 54.3267(2,2) 65.4045(5,1)

Clamped 1.5 2.0 10.6799(0,1) 21.7037(1,1) 35.3319(2,1) 41.9150(0,2) 50.4031(3,1) 62.7438(1,2) 65.7990(4,1) 81.1364(5,1) 82.0137(2,2) 86.9894(0,3)

2.0 3.0 11.0049(0,1) 21.5861(1,1) 38.0416(2,1) 47.2086(0,2) 55.0772(3,1) 69.1703(1,2) 70.3441(4,1) 84.5376(5,1) 86.0533(2,2) 91.1101(0,3)

2/3 1/3 9.74335(0,1) 17.8933(1,1) 28.9124(2,1) 30.0506(0,2) 42.2626(3,1) 46.2850(1,2) 57.1608(4,1) 62.6642(2,2) 63.7321(0,3) 73.5566(5,1)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value
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Table 7

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with two step variations ðh1=R ¼ 0:005; r2=R ¼ 2=3; r3=R ¼ 1=3Þ

Boundary

conditions

h2=h1 h3=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 1.5 2.0 8.91754(2,1) 14.7470(0,1) 16.5157(3,1) 25.9224(4,1) 28.5529(1,1) 37.3040(5,1) 46.1109(2,2) 50.7413(6,1) 53.0158(0,2) 65.5614(3,2)

2.0 3.0 13.2056(2,1) 19.9394(0,1) 21.2110(3,1) 30.3192(4,1) 33.3980(1,1) 41.1128(5,1) 52.1937(2,2) 53.9034(6,1) 61.8251(0,2) 68.8698(7,1)

2/3 1/3 4.02776(2,1) 6.01948(0,1) 10.7570(3,1) 13.5151(1,1) 19.9920(4,1) 23.9130(0,2) 25.7083(2,2) 31.6243(5,1) 37.2194(1,2) 41.0072(3,2)

Simply

supported

1.5 2.0 6.73089(0,1) 17.0342(1,1) 31.8611(2,1) 39.8132(0,2) 48.4109(3,1) 64.5688(1,2) 67.5753(4,1) 89.3114(5,1) 94.6366(2,2) 104.443(0,3)

2.0 3.0 7.64222(0,1) 17.9206(1,1) 36.6646(2,1) 48.2960(0,2) 56.4333(3,1) 79.1014(4,1) 79.7602(1,2) 103.815(5,1) 117.623(2,2) 129.018(6,1)

2/3 1/3 3.69122(0,1) 10.1010(1,1) 19.9762(2,1) 20.1062(0,2) 31.3902(1,2) 32.6611(3,1) 41.8707(0,3) 47.3229(2,2) 48.1669(4,1) 63.6252(1,3)

Clamped 1.5 2.0 11.8787(0,1) 26.0122(1,1) 43.8340(2,1) 53.4371(0,2) 62.5817(3,1) 80.5902(1,2) 83.6487(4,1) 107.679(5,1) 112.634(2,2) 122.854(0,3)

2.0 3.0 13.3744(0,1) 28.2892(1,1) 49.4568(2,1) 62.5284(0,2) 71.1687(3,1) 96.3650(4,1) 96.5483(1,2) 125.036(5,1) 140.359(2,2) 155.113(6,1)

2/3 1/3 9.80761(0,1) 16.5495(1,1) 26.5570(0,2) 27.0936(2,1) 39.4257(1,2) 40.5358(3,1) 49.1955(0,3) 55.5653(2,2) 57.0479(4,1) 70.4269(1,3)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value

Table 8

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with two step variations ðh1=R ¼ 0:10; r2=R ¼ 2=3; r3=R ¼ 1=3Þ

Boundary

conditions

h2=h1 h3=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 1.5 2.0 8.64131(2,1) 14.2970(0,1) 15.7309(3,1) 24.2700(4,1) 26.7991(1,1) 34.2976(5,1) 41.7196(2,2) 45.7580(6,1) 47.3391(0,2) 57.3719(3,2)

2.0 3.0 12.4084(2,1) 18.9759(0,1) 19.5384(3,1) 27.5316(4,1) 30.7345(1,1) 36.8559(5,1) 45.9272(2,2) 47.6712(6,1) 52.9887(0,2) 59.9520(7,1)

2/3 1/3 3.94684(2,1) 5.96010(0,1) 10.4301(3,1) 13.0014(1,1) 19.0926(4,1) 23.2801(0,2) 24.3579(2,2) 29.6403(5,1) 35.3855(1,2) 38.1428(3,2)

Simply

supported

1.5 2.0 6.61467(0,1) 16.3417(1,1) 29.7116(2,1) 36.4009(0,2) 43.9133(3,1) 56.3120(1,2) 59.5587(4,1) 76.3619(5,1) 78.4203(2,2) 84.5269(0,3)

2.0 3.0 7.44372(0,1) 16.9413(1,1) 33.1898(2,1) 42.3607(0,2) 49.1513(3,1) 65.2431(1,2) 66.3787(4,1) 84.1066(5,1) 90.0304(2,2) 97.0542(0,3)

2/3 1/3 3.67234(0,1) 9.84061(1,1) 19.2783(2,1) 19.6735(0,2) 30.0635(1,2) 31.0172(3,1) 40.1603(0,3) 44.3326(2,2) 44.8090(4,1) 59.7072(1,3)

Clamped 1.5 2.0 11.3152(0,1) 23.7479(1,1) 38.6283(2,1) 46.1750(0,2) 53.5294(3,1) 66.5535(1,2) 69.5023(4,1) 86.6246(5,1) 88.6546(2,2) 94.7115(0,3)

2.0 3.0 12.4167(0,1) 24.9392(1,1) 42.0639(2,1) 51.7205(0,2) 58.5030(3,1) 74.9068(1,2) 76.3120(4,1) 94.9219(5,1) 100.897(2,2) 108.413(0,3)

2/3 1/3 9.64461(0,1) 15.9370(1,1) 25.5801(0,2) 25.6633(2,1) 36.9919(1,2) 37.6163(3,1) 46.1207(0,3) 50.8187(2,2) 51.6433(4,1) 65.0309(1,3)

The values in brackets ðn; sÞ denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value
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step thickness ratio of the middle step to the outer step h2=h1 varies from 0.5 to 2.5 and there are
41 sample points on each curve in Fig. 11. It is observed that the frequency parameters l for all
cases in Fig. 10 increase monotonically as the step thickness ratio h2=h1 increases. Mode shape
switching is observed in the third and fourth modes for the simply supported circular plate near
the location of h2=h1E0:6:
Fig. 12 shows the modal shapes of the displacement fields %w; cr and cy for free circular Mindlin

plates with two step variations. The step location ratios are set to be r2=R ¼ 2=3 and r3=R ¼ 1=3;
the plate thickness ratio is assumed to be h1=R ¼ 0:1 and the step thickness ratios are fixed at
h2=h1 ¼ 2 and h3=h1 ¼ 1; respectively. The curves in Fig. 12 vary along the radial co-ordinate
wð¼ r=RÞ and there are 50 sample points on each curve. The modal shapes are normalized by
multiplying the factor j1= %wmaxj: Slope discontinuity at the location of the two step variations is
observed for the modal shapes of rotations cr and cy for the first four modes of the free circular
plate except for the rotation cy of the second mode where cy ¼ 0 (axisymmetric mode).
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Fig. 12. Normalized modal shapes of displacement fields for free circular Mindlin plates with two step variations, plate

thickness ratio h1=R ¼ 0:1; step location ratios r3=R ¼ 1=3 and r2=R ¼ 2=3 and step thickness ratios h3=h1 ¼ 1 and
h2=h1 ¼ 2: &; Transverse displacement %w; }; rotation cr; and W rotation cy: (a) First mode, l ¼ 8:94859; ðn; sÞ ¼
ð2; 1Þ; (b) second mode, l ¼ 14:3028; ðn; sÞ ¼ ð0; 1Þ; (c) third mode, l ¼ 18:3323; ðn; sÞ ¼ ð3; 1Þ; (d) fourth mode, l ¼
27:2307; ðn; sÞ ¼ ð4; 1Þ:
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Table 9

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with three step variations ðh1=R ¼ 0:10; r2=R ¼ 0:75; r3=R ¼ 0:5; r4=R ¼ 0:1Þ

Boundary

conditions

h2=h1 h3=h1 h4=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 2.0 3.0 4.0 15.2993(2,1) 24.0114(0,1) 24.6202(3,1) 33.6264(4,1) 38.9717(1,1) 43.3299(5,1) 54.0918(6,1) 54.2915(2,2) 61.3592(0,2) 66.0136(7,1)

3/4 2/4 1/4 3.80464(2,1) 5.75676(0,1) 10.0299(3,1) 12.9074(1,1) 18.4406(4,1) 22.3227(0,2) 23.5735(2,2) 28.7651(5,1) 36.4306(1,2) 36.7675(3,2)

Simply

supported

2.0 3.0 4.0 8.86487(0,1) 19.5754(1,1) 36.1958(2,1) 46.3641(0,2) 53.7009(3,1) 71.4386(1,2) 71.5331(4,1) 89.8558(5,1) 95.3708(2,2) 102.290(0,3)

3/4 2/4 1/4 3.57232(0,1) 9.72302(1,1) 18.7136(0,2) 18.7633(2,1) 30.0318(3,1) 31.2022(1,2) 43.1485(4,1) 44.5371(0,3) 44.6863(2,2) 58.0201(5,1)

Clamped 2.0 3.0 4.0 13.5857(0,1) 27.6263(1,1) 45.2373(2,1) 55.7032(0,2) 63.4342(3,1) 81.1374(1,2) 81.6425(4,1) 100.152(5,1) 104.974(2,2) 111.586(0,3)

3/4 2/4 1/4 9.22339(0,1) 16.2366(1,1) 25.3761(2,1) 25.4378(0,2) 36.8511(3,1) 38.5416(1,2) 50.0245(4,1) 52.4728(2,2) 53.3446(0,3) 64.8946(5,1)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value

Table 10

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with three step variations ðh1=R ¼ 0:10; r2=R ¼ 3=4; r3=R ¼ 2=4; r4=R ¼ 1=4Þ

Boundary

conditions

h2=h1 h3=h1 h4=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 2.0 3.0 4.0 16.3103(2,1) 24.7868(0,1) 24.8291(3,1) 33.6542(4,1) 38.9810(1,1) 43.3331(5,1) 54.0921(6,1) 55.4994(2,2) 62.9871(0,2) 66.0137(7,1)

3/4 2/4 1/4 3.75557(2,1) 5.60669(0,1) 10.0088(3,1) 12.1957(1,1) 18.4342(4,1) 22.0338(0,2) 22.9023(2,2) 28.7635(5,1) 32.6403(1,2) 36.0984(3,2)

Simply

supported

2.0 3.0 4.0 8.87155(0,1) 19.4849(1,1) 37.6984(2,1) 48.1586(0,2) 54.2815(3,1) 71.6630(4,1) 71.9623(1,2) 89.8795(5,1) 96.8984(2,2) 104.264(0,3)

3/4 2/4 1/4 3.50279(0,1) 9.34591(1,1) 18.3545(2,1) 18.6948(0,2) 28.1214(1,2) 29.6625(3,1) 39.4829(0,3) 41.9982(2,2) 42.9671(4,1) 54.6951(1,3)

Clamped 2.0 3.0 4.0 13.6439(0,1) 27.4930(1,1) 46.8578(2,1) 57.7372(0,2) 64.1404(3,1) 81.8117(4,1) 81.8929(1,2) 100.184(5,1) 106.455(2,2) 113.503(0,3)

3/4 2/4 1/4 9.43807(0,1) 15.3630(1,1) 24.6242(2,1) 24.7508(0,2) 34.7282(1,2) 36.1785(3,1) 45.6142(0,3) 48.8310(2,2) 49.6854(4,1) 62.5342(1,3)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value
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Table 11

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with four step variations ðh1=R ¼ 0:10; r2=R ¼ 0:75; r3=R ¼ 0:5; r4=R ¼

0:25; r5=R ¼ 0:1Þ

Boundary

conditions

h2=h1 h3=h1 h4=h1 h5=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 2.0 3.0 4.0 5.0 16.4688(2,1) 24.8334(3,1) 24.8442(0,1) 33.6543(4,1) 38.9425(1,1) 43.3331(5,1) 54.0921(6,1) 55.7520(2,2) 63.1143(0,2) 66.0137(7,1)

4/5 3/5 2/5 1/5 3.95427(2,1) 5.96600(0,1) 10.3291(3,1) 13.7692(1,1) 18.8330(4,1) 25.0059(2,2) 25.0273(0,2) 29.2074(5,1) 37.5346(1,2) 38.8270(3,2)

Simply

supported

2.0 3.0 4.0 5.0 8.85637(0,1) 19.4579(1,1) 37.9726(2,1) 48.3078(0,2) 54.2947(3,1) 71.6635(4,1) 71.8825(1,2) 89.8795(5,1) 97.3193(2,2) 104.254(0,3)

4/5 3/5 2/5 1/5 3.65755(0,1) 10.3023(1,1) 19.6398(2,1) 20.6401(0,2) 31.3722(3,1) 31.9806(1,2) 44.9775(4,1) 46.9782(2,2) 47.0348(0,3) 60.1748(5,1)

Clamped 2.0 3.0 4.0 5.0 13.6221(0,1) 27.4461(1,1) 47.1722(2,1) 57.9121(0,2) 64.1570(3,1) 81.8123(4,1) 81.8223(1,2) 100.184(5,1) 106.882(2,2) 113.407(0,3)

4/5 3/5 2/5 1/5 9.35984(0,1) 16.5228(1,1) 26.3165(2,1) 27.4721(0,2) 38.4450(3,1) 39.1365(1,2) 52.3004(4,1) 54.6448(2,2) 54.8976(0,3) 67.6033(5,1)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value

Table 12

Frequency parameters l ¼ oR2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rh1=D1

p
for circular Mindlin plates with four step variations ðh1=R ¼ 0:10; r2=R ¼ 4=5; r3=R ¼ 3=5; r4=R ¼

2=5; r5=R ¼ 1=5Þ

Boundary

conditions

h2=h1 h3=h1 h4=h1 h5=h1 Mode sequence

1 2 3 4 5 6 7 8 9 10

Free 2.0 3.0 4.0 5.0 20.0942(2,1) 30.0692(3,1) 30.2317(0,1) 39.9295(4,1) 46.7406(1,1) 50.2774(5,1) 61.3739(6,1) 64.7768(2,2) 72.5784(0,2) 73.3507(7,1)

4/5 3/5 2/5 1/5 3.64134(2,1) 5.40621(0,1) 9.74772(3,1) 11.7113(1,1) 18.0102(4,1) 21.2039(0,2) 22.0424(2,2) 28.1752(5,1) 31.1995(1,2) 34.8522(3,2)

Simply

supported

2.0 3.0 4.0 5.0 10.1902(0,1) 21.7838(1,1) 42.0050(2,1) 53.5103(0,2) 59.4745(3,1) 77.3177(4,1) 78.4329(1,2) 95.7491(5,1) 103.592(2,2) 110.746(0,3)

4/5 3/5 2/5 1/5 3.40191(0,1) 9.03774(1,1) 17.7890(2,1) 18.0754(0,2) 27.0194(1,2) 28.8119(3,1) 38.4211(0,3) 40.3668(2,2) 41.8189(4,1) 51.5030(1,3)

Clamped 2.0 3.0 4.0 5.0 14.7395(0,1) 29.4786(1,1) 50.8330(2,1) 62.6341(0,2) 69.1664(3,1) 87.4270(4,1) 88.1236(1,2) 105.991(5,1) 112.948(2,2) 119.737(0,3)

4/5 3/5 2/5 1/5 9.30274(0,1) 14.9738(1,1) 23.9515(2,1) 24.0653(0,2) 33.5078(1,2) 35.2395(3,1) 45.0182(0,3) 47.2332(2,2) 48.4542(4,1) 58.9996(1,3)

The values in brackets (n; s) denote the number of nodal diameters ðnÞ and the mode sequence ðsÞ for a given n value
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3.4. Circular plates with three and four step variations

Tables 9–12 present the exact frequency parameters l of the first 10 modes for free, simply
supported and clamped circular Mindlin plates with three and four step variations. The plate
thickness ratio h1=R is set to be 0.1. For plates with three step variations, the locations of the step
variations are at (1) r2=R ¼ 0:75; r3=R ¼ 0:5; r4=R ¼ 0:1 and (2) r2=R ¼ 3=4; r3=R ¼ 2=4; r4=R ¼
1=4; and two sets of step thickness ratios (h2=h1; h3=h1; h4=h1Þ ¼ ð2; 3; 4; 3=4; 2=4; 1=4Þ are
considered. For plates with four step variations, the locations of the step variations are at (1)
r2=R ¼ 0:75; r3=R ¼ 0:5; r4=R ¼ 0:25 and r5=R ¼ 0:1 and (2) r2=R ¼ 4=5; r3=R ¼ 3=5; r4=R ¼ 2=5
and r5=R ¼ 1=5; and two sets of step thickness ratios (h2=h1; h3=h1; h4=h1; h5=h1Þ ¼
ð2; 3; 4; 5; 4=5; 3=5; 2=5; 1=5Þ are considered. The fundamental vibration modes for plates in
Tables 9–12 show the same trends as for the plates with one and two step variations.

4. Conclusions

This paper presents an investigation on the vibration behaviour of circular Mindlin plates with
step-wise thickness variations. First-known exact vibration frequencies for stepped circular
Mindlin plates are obtained. The influence of the plate thickness ratios, the step thickness ratios
and the locations of the step variations on the frequency parameters are examined. The exact
vibration solutions may serve as benchmark values for researchers to check the validity and
accuracy of their numerical methods for such plate vibration problems.
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